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Some preliminaries

Let V be a vector space over C. A linear functional in V is a
homeomorphism v : V — C. The linear forms (over V') become a vector
space Hom(V/,C) by acting on functions ¢ € V as follows:

(i) (cu,¢) = c(u,¢), Yc € C, u € Hom(V,C), ¢ € V.
(i) {u+u,¢) = {u,¢) + (v,9), Yu,v € Hom(V,C), ¢ € V.

Definition
Let X C R". Set

C(X) =D(X) ={¢p € C(X) : supp(¢p) C X compact}.

The space D(X) of C* functions with compact support is also called the
space of test functions (in X).
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Some preliminaries

Topology on D(R")

We say that a sequence {¢,}, C D(X) converges on ¢ € D(X) if the
following conditions hold:

© There exists a compact set K C X which contains all the supports of

On, i.€.

(Jsupp(¢x) C K.
k

@ For every a € Ng, the sequence of partial derivatives 0“¢, converges
uniformly on 0%¢.

A linear functional v is called continuous if for every sequence (¢,), in
D(X) such that ¢, — ¢ € D(X) we have

Ii,r7n<u7 ¢n) = (u, “,';n ¢) = (u,9). (1)
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Some preliminaries

example A function f € C(R"; C) defines a linear functional uf as follows:

ur : D(R") - C with ¢ ur(¢p) = (f,9) = /R" f(x)p(x) dx.

A u € Hom(D(X),C) is called a distribution if YK C X compact,
dM > 0 and N € Z such that

{u, @) <M > sup|0°g, (2)

lo| <N

V¢ € D(X) with supp(¢) C K. [ |

We denote with D’(X) the set of all distributions in X.The set

SR") ={¢:R" 5 R : Vo, 3 € NJ, sup |x°0%¢(x)| < oo}
xeRn
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Some preliminaries

The elements of S(IR") share the property that lim), |, [x?9%¢(x)| =0
and for this reason this set is called the space of rapidly decreasing
functions.

Principal Values and Finite Parts of Integrals The function

fo : R = R (a € R) with x — f,(x) := x belongs to the space L} _(R)
for > —1 and therefore it defines a distribution. For a = —1, we define
as the Cauchy Principal Value Integral and denote with PV (1) the
element of Hom(D(R); R)

N o ¢(x)
b (PV <X>,¢> ._m)/ﬂxx} > dx

The PV (1) belongs to D'(R). For higher powers of x, we discard those
boundary terms that tend to become infinite: we define the (Hadamard)
Finite Part of =, (n€N, n>2)

((2)) O EE O
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The division problem in R”

Let U C R" open. Given a u € D/(U) and a C* function f in U, can we
find a distribution v (in U) such that

u = fv;

Aim: give meaning (as a distribution) of the correspondence

qﬁ»—>/ dxy ..

We want to determine an inverse (in the sense of distributions) to f, i.e. a
distribution v = 4 := FP (%) acting on D(U) by

g/)»—)(v,fg/)):/qbdxl...dxn

History:
Hormander proved that division is always possible [1958]. Moreover, (by
applying Fourier transform), every LPD equation

P(Q)u=f
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with constant coefficients has a tempered solution u for every tempered f.
In particular, there exists a tempered fundamental solution, i.e.
P(0)u = 4. [see Hor]

S. Lojasiewicz: The division is always possible even when f is real
analytic.

J. Mckibben [1959] Explicit construction of an elementary (tempered)
solution for P(0)u = ¢ in 2 dimensions.

M. F. Atiyah [1970] Applied Hironaka's Theorem of Resolution of
Singularities to obtain another proof of the Theorems of Hormander and
Lojasiewicz.

Peter Wagner [1998] Gives (tempered) fundamental solution for the
operator

D34+ 03+ 03 +3a010,03, acR\{-1}
by methods of elliptic integrals.
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Division of a distribution by a polynomial in R

For v € D'(R) and an f a C function of one real variable, we seek for a
u € D'(R) such that
fu=v.

We seek for a finite part of %. If the set f~!({0}) consists of isolated
points (the singularities) of finite order, the division problem is rather easy
to be solved. If f = P a polynomial in one real variable, with a partition of
unity and a translation to the origin, the problem reduces to a local
problem. Specifically, we can assume that P(0) = 0 and that the support
of ¢ does not contain any other zero of P. Then, in a neighborhood of

x = 0, we can write P(x) = x™P(x), where P does not vanish for x = 0.
Expanding ¢ as a Taylor sum of order m around the origin

m—1

o)=Y 3 X 400) + Tul),

Jj= 0

where T is the remainder, we can define our distribution FP (Xim) by
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<FP (Xim> ,¢> = /OOO Tifnx)dx

(k is the least integer greater than m — 1.) In other words, if u € D'(R)
such that x™u = 0 (in the sense of distributions), then

u—FP< ) cha )50,

where ¢, € C. Thus, we can perform division for any function y(x) such
that around x =0

—= Z xm(m,j€Zy). (4)
i==j
Then we can define (for g a polynomial of degree m)

¢(x)
FP P 4
/q(x,y):O y(X) o

since along the branches of the curve g(x,y) = 0 we can represent % asin
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Division of a distribution by a polynomial in R?

Theorem (Green's identity)

Let m € Z4 and let Q C R" open with smooth boundary. Let P be a
PDO of order m. Then, if w,u € C™(Q2), the following identity holds:

/ (w(x)P(u(x)) — u(x)P*w(x)]dx = / M(u, w)do(x),
Q o

where do denotes the volume element on the boundary of Q and M(u, w)
a function depending on u, w and their derivatives of order at most m — 1.

v

From now on, P,, will denote the principal part of P.
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Write
M(u, w) = [N(x,a)w]u + H,

where a is the unit normal to 02 at x, N is a PDO of order > 1
homogenous and of order m — 1 and H denote partial derivatives of order
> 1. Aim: Construction of an inverse of P*. Choose v such that

[ o | s

<X7§>_p20

where ¢ = (£1,...,&,) € R" with [€2 =1, ¢ € S(R") and p € R. This is
done by choosing w = v, where v solves Pv = 0 and that M(v,¢®) = ¢ on
the hyperplane {(x,£) = p}. Equivalently, v must satisfy

(i) q(0c)v=0
(i) derivatives (with respect to x) of v of order < m — 2 vanish on the
hyperplane {(x, &) — p = 0}
(iii) 8?’_1v = qu(&) on the hyperplane {(x,&) — p =0}
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(1) The above conditions that guarantee the existence of such a v are
satisfied in some special cases. For example, when Pp, has constant
coefficients and the remaining coefficients are constant in a
neighborhood of x = 0 and if P,(§) # 0, for all values of x, &, p. In
this case, a solution exists and is (locally around 0) analytic.

(2) Even for fixed values of x, £, p, and Py, has constant coefficients, v
has a non-integrable singularity on a £ € Q¢(0, 1) such that L, (§) = 0.
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The singularities of the polynomial

Write .
9(6, &) =) _ailé, &),
i=0
where g; is a homogenous polynomial of degree i (i € {0,1,...,m}).

The singularities of v lie on the variety

{qmb = 0}7

where b is the determinant of a matrix of a linear system of ODE's.

Let pe(A) := q(AE), where X € C. Suppose that gg # 0. Then p; also
irreducible. Let

S={(&NeC: Ax=0}

Denote p the projection on the first coordinate on S :

p(€,A) =¢&.
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The multiplicity of a point A(s) s € S considered as a root of pe(A) =0 is
a constant in a neighborhood of s if and only if

Opus)(A(5)) = 0.

Let I the real part of S. Thus, I involves the (real) coordinates &1, &. If
s € S such that £ := p(s) = (£1,&) €T, then

Mpe(A(s)) = (€, Ve(a(AE)).

The singular points of {g(£) = 0} C H correspond to singular points on S.
If we restrict to the set

St={¢=(&,8)el : =1}

and suppose that the variety {g = 0} is real, then the singular points £ of
the set F_l(S}) have the property such that the line z¢£ is tangent to
{q = 0} or passes through &.
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The projection map p: S — I is C* and thus defines the pullback
p* i Q3(M) — Q2(S).
For the differential form

1
—_d& Ad,
w a}\pﬁ()\) é‘l 62

we have that it is well defined on the non singular points of p~*(I'). The
restriction of w to St is

o = mp*(da(é))-

The form pg(A) is exact on S. This shows us that the differential form w is
singular at those points £ such that

veta) = (5 5 ) = 0.0

Let g € C[£1,&2] and let p € R.

Case 1: g is homogenousv behaves like ePm(61:€2) as P, — 0.

If g is a homogenous (of degree m) polynomial such that V := {q = 0}
has no singular points, v is given b
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v(x,€,p) =

(<X7€> — p)m—l
(m—1)lq(§)

Let ¢ € S(R?).
For £ € St, ¢ ¢ V, by Green's identity:

/<§,x>—p (x)do(x) = /<§,£>zp v(x, &, p)q" (%) P(x)do(x).
Also, ¢(z) =

::%Azgﬁﬁg)zmmgm—ggnw» / (€, 2)—p)™ (D) (x)dx,

(§,2)—p=>0
where
B -2
= ori(m — 1)
Then,
H(¢; 1,62, 2)

ew:%w/ do(é1,6),

e2ra-1  9(1.)
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where

H(é:€,2) = A, /O " log|p— (€, 2)|dp /(5 lEa - pmea

—p=0

We can take the finite part of the above integral since it is actually
1-dimensional and we define the its finite part in the usual way. Then,

F2(q(9x)) = 0.

Our distribution FP(%) is given by

oo H@62)
FPE O = 2 1)!”3/8; a© 7

This is a tempered distribution and thus its fourier transform exists. The
Fourier transform gives us the duality between the finite part and our
elementary solution:

F(q(9x)) = q(—2mi).

loannis loakim (CY) Division of a distribution by a polynomial



Case 2: g is non-homogenous but irreducible

Fix ¢ € S(R?). For & = (£1,&2) € R?, the function

(&x)<p

is tempered for A € C such that ReX > 0. Set S; = {(¢,x) > p} and
So = {(&,x) < p}. then, the following functions are well defined:

Hiois.2) = e [ toglo = (60l [ X5 o), ()

7

and

2
Ha(;s,z) = WAZ /[o,oo) |0g\P—(5,X>|dp/eA(<£’X>_p)¢(X)X52(X)dX-

We then define
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Hi(¢;s,z) for ReA(s) <0

H(¢1 572) =
Ha(¢;s,z) for ReA(s) >0

Here, St := {(&1,&) €T @ €+ & =1} = C(0,1). If the set p~1(St) is
not singular, then our elementary solution is given by

o) = [ O ©)

since then the integral is convergent and need not take its finite part. In
the case where we have singular points, there is trouble defining the finite
part of the above integral. If, however, we assume that it can be defined, (5)
gives an elementary solution which is in fact tempered.
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The surface S is of real dimension 4 and the set

{A:0xpe(N) = 0}

is a submanifold of S of real dimension < 2. The set p~1(St) C S has real
dimension 1, thus its singular points are isolated. Around the singular
points, we can define the finite part of the above integral. Let

so = (£9,€9,)) € S singular, that is

Mpe(A) = Org(AED, AE3) = 0.

Without loss of generality, we may assume that {? # 1 and therefore
parameterize the set S} : the surface is given locally by the set of points

(é1,8(£1)) = (&1,4/1 — €2). The (one real variable) function

g(&1) = 1/1 — €2 can be represented as a convergent power series in a
neighborhood of £9. i.e. there exists a € > 0 such that
oo
glé)=) cl&a-&) la-€&l<e

i=0
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Then, the singular point lies on the set {\ : (A&, \\/1 — &€2)}. From
Theorem, the complex variable A can be represented as a convergent

power series along each branch A of p~1(St):

o0

Men &)=Y aer—)m, e - &9l <e,

k=0
where m € Z,. We then have that

(e}

1 _ e 40 fm
8)\p§()\) = i:z_:ecl(él 51)

— (G- 4 e — Q) o+
+c (& — f?)‘%m +....
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Case 3: g is a random polynomial

Let g € R[x, y]. Write

v

q=14"

i=1
where the g/s are irreducible. Let V = {q = 0}. Without l.0.g. assume
that ¢(0,0) # 0. Set
Py (A) == q(Ax,Ay) and pgw)(x) =g\, \y) (i=1,2,...,v).
Let H be the surface defined by

= JI Res(P'(A).PPO))AR(N) ((x,y) €R?).  (6)

iJj=1,...,v
1<J
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Denote with Sing(q) the set of all points (x,y) on the plane that g cannot
be written as a power of an analytic function. At the points away from
Sing(q), we can define the Finite part of %. This is the main result of the
following Theorem:

Theorem

Let g € R[x,y] and V := {q = 0}. Let € > 0. Let ¢ € S(R?) fixed. Then,

the expression
¢(x, y)dxdy
s 9(xy)

where S(e) = {|q| > €} N (R?\ Sing(q)), is of the form
Z 3 + clog(e) + F(e), (7)
i€l

were | is a finite set of natural numbers, ¢; and c are complex numbers
and F a function such that the lim._,q F(€) exists.
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Lemma

Let (x,y) € (R2\ V)N {H # 0}. Let \;, 1 < i < M be the distinct roots
of the equation py(x,y) = 0 with corresponding multiplicities my. Then

the function "

p(x,y)()‘)(A - 1)

has poles of order my at the points \y. Moreover we have

M
1 . —_
~ ) Res <p(x,y)(A)(A T Ak) |

We just mention that each of the above Residues is of the form

A=

ckxéy“)\’;
Ok )
[53m Pcy) (M) Ak = 1)
where ¢y is a constant and ¢, yu, v are positive integers. Since we are

interested in the preimage of H with the function p restricted on
St = C(0,1), we must consider p*(H).
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For this reason, we parameterize the surface {H = 0} with polar
coordinates: let g : [0,00) x [0,27] — R? with g(t,0) = (tcos b, tsinf).
Then,

(g ) (H)={#—-0;=0:1<i</}

for some ¢ € N. Let ¢ € S(R?)) fixed. Let
G(8) = {(tcosh,tsinf): |0 — 0] >, 1 <i<{}. Denote with
G(d,¢) = G(0) N {|g| > €}. Then, define

N Y yoix
&(0:6) = /G(é,e) q(XaY)d be).

This function satisfies the conditions of Theorem (??) and thus we can
perform integration by parts and write

8s(¢ie) = Z - + clog(e) + Fu(e), (8)
i€l

were | is a finite set of natural numbers, ¢; and ¢ are complex numbers
and F1(e) a function such that the lim._,o F1(€) exists.
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Set
U5(¢) = FP Iim F1(6,5).
0—0

In what follows, we show that (for 6 > 0 and ¢ fixed) we can integrate by
parts the function us(¢) and obtain

us(#) = Y = + clog(e) + F2(8), (9)
iel

were [ is a finite set of natural numbers, ¢; and ¢ are complex numbers and
F>(6) a function such that the lims_,o F2(d) exists. Then, we prove that

u(@) = FP lim Fy(6)

is a tempered distribution which is in fact a fundamental solution to our
division problem.
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We have:

N P(x,y) o(x
a(die) = /G(M Ce X do(x.y)

L Z ckxgy“)\”
1)88;'172 P(x y)()‘k)]mk

Under the transformation (g=1)* restricted on C(0, 1), we have

(e ) cxtyP Ay _ Ckxe(e))/“ (0)A,(9)
(A = 1) Fime Py A )I™  [(Ak(8) — 1) e Px(6),0)) Mk ()]

for (x,y) € C(0,1). Therefore, we finally get

(6%
Z/ R(#)d6 t@ﬁo—g)(t,j)dt’
C(0,1)NG(5) [0,00)n{|(qog)(£.0)|>e} (Ak(0) — £)™&

(10)

where a = 0+ pp— v+ my(1 — my) + 1 and
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R(6) = cx! (O)y" (O)N(0)
[S5mz P(x(0).(8)) (A (8))] ™
We need only to study one of the integrals

t*(¢og)(t,0)

R(6)do dt = Ji(€; @).
/C(o,l)nc(a) @ [0,00)"{|(qog)(£,0)| >} (Ak(8) — )™« ()

Now, as we saw in a previous section, since the hypersurface {H = 0}
contains all singular points of g, then we can interchange summation with
finite parts (this is done buy splitting the surface into components and
integrating by parts):

(608)(10) 4, _ 5~ a0

— + c(0) log e + w(e, 0),
/[o,oo)mﬂ(qog)(r,e)»} (A(0) — t)m= ¢ ®) (<)

i€l

where w is continuous for both ¢, 6.
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Then,

Jle ) = Z/c 0)ci(0)do +

peyliie('} 1)mG(6

+loge / R(0)c(0)d0 + / R(0)w(e, 0)do.
C(0,1)NG(5) C(0,1)NG(5)

Since w is continuous, we have

Iim/ R(e)w(e,e)dez/ R(6) lim w(e, 6)d0
=0 .J¢(0,1)NG(5) €(0,1)NG(5) €0

and thus we can take

FP lim / R(0)w(e, 0)d0 = FP/ R(6) lim w(e, 0)do.
=0 Jc(0,1)nG(5) €(0,1)NG(5) =0
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What is left is to integrate by parts the integral appearing on the right side
of the above formula and repeat the same process to obtain a limit as

& — 0 for the FP in order to construct the distribution. This is done by
expanding the function as a Taylor series around t = 0 and by expanding
k(@) as a power series in indeterminates of x or y, along the unit circle.
The continuity of the distributional operator is guaranteed by proving that
one can interchange differentiation (with respect to x, y, A) and
integration.
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Important Lemma Let g € R[x, y]. Let & = (£1,&) such that €2 4 €2 = 1.
Consider the set

{AeC : g(A&1, &) =0}
Let A\k(&) be a branch belonging on this set.

Lemma
If €0 € C(0,1) with |£]?> =1, let &, (j = 1,2) be a coordinate function for
C(0,1) around €°. Then, there exists h € Z., a determination z of

(& — {1(-))% and a T > 0 such that

M@ =D az', (2l <)
i=0

where the above series is convergent.
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Let g € R[x, y, x] of degree m with complex coefficients. Write

(&) = qo(§) + q1(&) + - + gm(8),
where each g; is a homogenous polynomial of degree i, (0 < i < m). Let
pcCandxeC3
Assume that gm(§) # 0 forall £&. The irreducible case
In the special case where g is homogenous (of degree m) and the variety
V = {g = 0} has no singular points except at the origin, we can easily
calculate (as we did in the previous section) v :

(<X?£> — p)m—l

WS P)= Ta(e) -

Let ¢ € S(R?) fixed. We have that

5) = A, do(§) A ymlge Nk
) = ST o o) o (65D O

Then, the formal expression for an elementary solution is given by
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g non-homogenous Remember that a point £ is a singular point of the
variety {q(¢) = 0} if

0q o) _ 09, _ 04 _

In the non-homogenous case, the elementary solution is given by

_ H(git 2) oo
) =P [y 7 6O (13)

where

Hi(¢; t,z) for ReA(s) <0
H(¢; t,z) =
Hy(¢; t,z) for ReX(s) >0
Hi(o;t,z) = ﬁAZ/e)‘(t)(<£’x>_z)¢(x)xgl (x)dx

and
-2
Hy(¢; t,z) = WAz/eA(<§’X>_p)¢(X)X52(X)dX

for S = {(¢,x —t) > 0} and S, = {({,x — t) < 0}.
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If the Finite Parts of the above integrals are defined, then this is a
tempered elementary solution. If we do not require that this is a tempered
solution, then we can give conditions under which the elementary solution
is well defined. Such conditions are for example that each point of

S2 N {gm = 0} has m—distinct roots, one of each is necessarily infinite.

Theorem
Let g € R[x, y, z] with real coefficients and let V := {q = 0}. Let

D={(x,y,2) €R® : [Vq(x,y,2)| >0} NV

Let « € N. Let € > 0. Then then correspondence
S[R3 >R with ¢ dedydz
{lg/>e}nD 9%(x, Y, 2)

is of the form o
Z 6—: + clog(e) + F(e), (14)
icl

were | is a finite set of natural numbers, ¢; and ¢ are complex numbers
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