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Some preliminaries

Let V be a vector space over C. A linear functional in V is a
homeomorphism u : V → C. The linear forms (over V ) become a vector
space Hom(V ,C) by acting on functions φ ∈ V as follows:

(i) 〈cu, φ〉 = c〈u, φ〉, ∀c ∈ C, u ∈ Hom(V ,C), φ ∈ V .

(ii) 〈u + u, φ〉 = 〈u, φ〉+ 〈v , φ〉, ∀u, v ∈ Hom(V ,C), φ ∈ V .

Definition

Let X ⊆ R
n. Set

C∞
c (X ) ≡ D(X ) = {φ ∈ C∞(X ) : supp(φ) ⊆ X compact}.

The space D(X ) of C∞ functions with compact support is also called the
space of test functions (in X ).
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Some preliminaries

Topology on D(Rn)

Definition

We say that a sequence {φn}n ⊂ D(X ) converges on φ ∈ D(X ) if the
following conditions hold:

1 There exists a compact set K ⊂ X which contains all the supports of
φn, i.e. ⋃

k

supp(ϕk) ⊂ K .

2 For every α ∈ N
n
0, the sequence of partial derivatives ∂αφn converges

uniformly on ∂αφ.

A linear functional u is called continuous if for every sequence (φn)n in
D(X ) such that φn → φ ∈ D(X ) we have

lim
n
〈u, φn〉 = 〈u, lim

n
φ〉 = 〈u, φ〉. (1)
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Some preliminaries

example A function f ∈ C (Rn;C) defines a linear functional uf as follows:

uf : D(Rn) → C with φ 7→ uf (φ) ≡ 〈f , φ〉 :=

∫

Rn

f (x)φ(x) dx .

Definition

A u ∈ Hom(D(X ),C) is called a distribution if ∀K ⊂ X compact,
∃M ≥ 0 and N ∈ Z+ such that

|〈u, φ〉| ≤ M
∑

|α|≤N

sup |∂αφ|, (2)

∀φ ∈ D(X ) with supp(φ) ⊆ K . �

We denote with D′(X ) the set of all distributions in X .The set

S(Rn) = {φ : Rn → R : ∀α, β ∈ N
n
0, sup

x∈Rn

|xβ∂αφ(x)| < ∞}.

is called Schwarz’s space.
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Some preliminaries

The elements of S(Rn) share the property that lim|x |→∞ |xβ∂αφ(x)| = 0
and for this reason this set is called the space of rapidly decreasing
functions.

Principal Values and Finite Parts of Integrals The function
fα : R → R (α ∈ R) with x 7→ fα(x) := xα belongs to the space L1loc(R)
for α > −1 and therefore it defines a distribution. For α = −1, we define
as the Cauchy Principal Value Integral and denote with PV

(
1
x

)
the

element of Hom(D(R);R)

φ 7→ 〈PV

(
1

x

)
, φ〉 := lim

ǫ→0

∫

{|x |>ǫ}

φ(x)

x
dx .

The PV
(
1
x

)
belongs to D′(R). For higher powers of x , we discard those

boundary terms that tend to become infinite: we define the (Hadamard)
Finite Part of 1

xn
, (n ∈ N, n ≥ 2)

〈
PV

(
1

xn

)
, φ

〉
:= lim

ǫ→0

∫

{|x |>ǫ}

φ(x) −
∑n−2

k=0 φ
(k)(0)xk

xn
dx . (3)
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The division problem in Rn

Let U ⊂ R
n open. Given a u ∈ D′(U) and a C∞ function f in U, can we

find a distribution v (in U) such that

u = fv ;

Aim: give meaning (as a distribution) of the correspondence

φ 7→

∫
φ

f
dx1 . . . dxn.

We want to determine an inverse (in the sense of distributions) to f , i.e. a
distribution v = u

f
:= FP

(
1
f

)
acting on D(U) by

φ 7→ 〈v , f φ〉 =

∫
φdx1 . . . dxn.

History:

Hormander proved that division is always possible [1958]. Moreover, (by
applying Fourier transform), every LPD equation

P(∂)u = f
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with constant coefficients has a tempered solution u for every tempered f .
In particular, there exists a tempered fundamental solution, i.e.
P(∂)u = δ. [see Hor]

S. Lojasiewicz: The division is always possible even when f is real
analytic.

J. Mckibben [1959] Explicit construction of an elementary (tempered)
solution for P(∂)u = δ in 2 dimensions.

M. F. Atiyah [1970] Applied Hironaka’s Theorem of Resolution of
Singularities to obtain another proof of the Theorems of Hormander and
Lojasiewicz.

Peter Wagner [1998] Gives (tempered) fundamental solution for the
operator

∂3
1 + ∂3

2 + ∂3
3 + 3a∂1∂2∂3, a ∈ R \ {−1}

by methods of elliptic integrals.

Ioannis Ioakim (UCY) Division of a distribution by a polynomial
25-26 June 2015 - ThessalonikiAnalysis Summer

/ 35



Division of a distribution by a polynomial in R

For v ∈ D′(R) and an f a C∞ function of one real variable, we seek for a
u ∈ D′(R) such that

fu = v .

We seek for a finite part of v
f
. If the set f −1({0}) consists of isolated

points (the singularities) of finite order, the division problem is rather easy
to be solved. If f = P a polynomial in one real variable, with a partition of
unity and a translation to the origin, the problem reduces to a local
problem. Specifically, we can assume that P(0) = 0 and that the support
of φ does not contain any other zero of P . Then, in a neighborhood of
x = 0, we can write P(x) = xmP̃(x), where P̃ does not vanish for x = 0.
Expanding φ as a Taylor sum of order m around the origin

φ(x) =
m−1∑

j=0

x j

j!
φ(j)(0) + Tk(x),

where Tk is the remainder, we can define our distribution FP
(

1
xm

)
by
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〈
FP

(
1

xm

)
, φ

〉
=

∫ ∞

0

Tk(x)

xm
dx

(k is the least integer greater than m − 1.) In other words, if u ∈ D′(R)
such that xmu = δ (in the sense of distributions), then

u = FP

(
1

xm

)
+

m−1∑

k=0

ck∂
(k)
x δ0,

where ck ∈ C. Thus, we can perform division for any function y(x) such
that around x = 0

1

y
=

∞∑

i=−j

x
i
m (m, j ∈ Z+). (4)

Then we can define (for q a polynomial of degree m)

FP

∫

q(x ,y)=0

φ(x)

y(x)
dx ,

since along the branches of the curve q(x , y) = 0 we can represent 1
y
as in

(4).
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Division of a distribution by a polynomial in R2

Theorem (Green’s identity)

Let m ∈ Z+ and let Ω ⊆ R
n open with smooth boundary. Let P be a

PDO of order m. Then, if w , u ∈ Cm(Ω), the following identity holds:

∫

Ω
[w(x)P(u(x)) − u(x)P∗w(x)]dx =

∫

∂Ω
M(u,w)dσ(x),

where dσ denotes the volume element on the boundary of Ω and M(u,w)
a function depending on u,w and their derivatives of order at most m− 1.

From now on, Pm will denote the principal part of P .
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Write
M(u,w) = [N(x , a)w ]u + H,

where a is the unit normal to ∂Ω at x , N is a PDO of order ≥ 1
homogenous and of order m − 1 and H denote partial derivatives of order
≥ 1. Aim: Construction of an inverse of P∗. Choose v such that

∫

〈x ,ξ〉−p≥0

vP∗φ(x)dx =

∫

〈x ,ξ〉−p=0

φ(x)dσ,

where ξ = (ξ1, . . . , ξn) ∈ R
n with |ξ|2 = 1, φ ∈ S(Rn) and p ∈ R. This is

done by choosing w = v , where v solves Pv = 0 and that M(v , φ) = φ on
the hyperplane {〈x , ξ〉 = p}. Equivalently, v must satisfy

(i) q(∂ξ)v = 0

(ii) derivatives (with respect to x) of v of order ≤ m − 2 vanish on the
hyperplane {〈x , ξ〉 − p = 0}

(iii) ∂m−1
ξ v = 1

qm(ξ) on the hyperplane {〈x , ξ〉 − p = 0}
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Remark that:

(1) The above conditions that guarantee the existence of such a v are
satisfied in some special cases. For example, when Pm has constant
coefficients and the remaining coefficients are constant in a
neighborhood of x = 0 and if Pm(ξ) 6= 0, for all values of x , ξ, p. In
this case, a solution exists and is (locally around 0) analytic.

(2) Even for fixed values of x , ξ, p, and Pm has constant coefficients, v
has a non-integrable singularity on a ξ ∈ Ωξ(0, 1) such that Lm(ξ) = 0.
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The singularities of the polynomial

Write

q(ξ1, ξ2) =
m∑

i=0

qi (ξ1, ξ2),

where qi is a homogenous polynomial of degree i (i ∈ {0, 1, . . . ,m}).
The singularities of v lie on the variety

{qmb = 0},

where b is the determinant of a matrix of a linear system of ODE’s.
Let pξ(λ) := q(λξ), where λ ∈ C. Suppose that q0 6= 0. Then pξ also
irreducible. Let

S := {(ξ, λ) ∈ C
3 : λ = 0}

Denote ρ the projection on the first coordinate on S :

ρ(ξ, λ) = ξ.

Ioannis Ioakim (CY) Division of a distribution by a polynomial
25-26 June 2015 - ThessalonikiAnalysis Summer

/ 35



The multiplicity of a point λ(s) s ∈ S considered as a root of pξ(λ) = 0 is
a constant in a neighborhood of s if and only if

∂λpρ(s)(λ(s)) = 0.

Let Γ the real part of S . Thus, Γ involves the (real) coordinates ξ1, ξ2. If
s ∈ S such that ξ := ρ(s) = (ξ1, ξ2) ∈ Γ, then

∂λpξ(λ(s)) = 〈ξ,∇ξ(q(λξ)〉.

The singular points of {q(ξ) = 0} ⊂ H correspond to singular points on S .
If we restrict to the set

S
1
Γ = {ξ = (ξ1, ξ2) ∈ Γ : |ξ|2 = 1}

and suppose that the variety {q = 0} is real, then the singular points ξ of
the set Γ−1(S1Γ) have the property such that the line zξ is tangent to
{q = 0} or passes through ξ.

Ioannis Ioakim (CY) Division of a distribution by a polynomial
25-26 June 2015 - ThessalonikiAnalysis Summer

/ 35



The projection map ρ : S → Γ is C∞ and thus defines the pullback

ρ∗ : Ω2(Γ) → Ω2(S).

For the differential form

ω :=
1

∂λpξ(λ)
dξ1 ∧ dξ2,

we have that it is well defined on the non singular points of ρ−1(Γ). The
restriction of ω to S1

Γ is

ω′ =
1

∂λpξ(λ)
ρ∗(dσ(ξ)).

The form pξ(λ) is exact on S . This shows us that the differential form ω is
singular at those points ξ such that

∇ξ(q) :=

(
∂q

∂ξ1
,
∂q

∂ξ2

)
= (0, 0).

Let q ∈ C[ξ1, ξ2] and let p ∈ R.
Case 1: q is homogenousv behaves like ePm(ξ1,ξ2) as Pm → 0.
If q is a homogenous (of degree m) polynomial such that V := {q = 0}
has no singular points, v is given by
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v(x , ξ, p) =
(〈x , ξ〉 − p)m−1

(m − 1)!q(ξ)
.

Let φ ∈ S(R2).
For ξ ∈ S

1
Γ, ξ /∈ V , by Green’s identity:

∫

〈ξ,x〉=p

φ(x)dσ(x) =

∫

〈ξ,ξ〉≥p

v(x , ξ, p)q∗
(

∂

∂x

)
φ(x)dσ(x).

Also, φ(z) =

= cm∆z

∫

S1Γ

dσ(ξ)

q(ξ)

∫ ∞

0
log |p−〈ξ, z〉|dp

∫

〈ξ,z〉−p≥0

(〈ξ, z〉−p)m−1q(∂x)φ(x)dx ,

where

cm =
−2

2πi(m − 1)!
.

Then,

Fz(φ) = cmFP

∫

ξ21+ξ22=1

H(φ; ξ1, ξ2, z)

q(ξ1, ξ2)
dσ(ξ1, ξ2),
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where

H(φ; ξ, z) = ∆z

∫ ∞

0
log |p − 〈ξ, z〉|dp

∫

〈ξ,z〉−p≥0
(〈ξ, z〉 − p)m−1φ(x)dx .

We can take the finite part of the above integral since it is actually
1-dimensional and we define the its finite part in the usual way. Then,

Fz(q(∂x)) = δ.

Our distribution FP( 1
q
) is given by

〈FP(
1

q
), φ〉 =

1

2π2(m − 1)!
FP

∫

S1Γ

H(φ̂; ξ, z)

q(ξ)
dσ(ξ).

This is a tempered distribution and thus its fourier transform exists. The
Fourier transform gives us the duality between the finite part and our
elementary solution:

F(q(∂x )) = q(−2πi).
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Case 2: q is non-homogenous but irreducible

Fix φ ∈ S(R2). For ξ = (ξ1, ξ2) ∈ R
2, the function

p 7→

∫

〈ξ,x〉≤p

eλ(〈ξ,x〉−p)φ(x)dx

is tempered for λ ∈ C such that Reλ ≥ 0. Set S1 = {〈ξ, x〉 ≥ p} and
S2 = {〈ξ, x〉 ≤ p}. then, the following functions are well defined:

H1(φ; s, z) =
−2

(2πi)2
∆z

∫

[0,∞)
log |p − 〈ξ, x〉|dp

∫
eλ(〈ξ,x〉−p)φ(x)χS1(x)dx

and

H2(φ; s, z) =
−2

(2πi)2
∆z

∫

[0,∞)
log |p−〈ξ, x〉|dp

∫
eλ(〈ξ,x〉−p)φ(x)χS2(x)dx .

We then define
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H(φ; s, z) =





H1(φ; s, z) for Reλ(s) ≤ 0

H2(φ; s, z) for Reλ(s) > 0

Here, S1Γ := {(ξ1, ξ2) ∈ Γ : ξ21 + ξ22 = 1} = C (0, 1). If the set ρ−1(S1Γ) is
not singular, then our elementary solution is given by

uz(φ) =

∫

ρ−1(S1Γ)

H(φ; s, z)

∂λpξ(λ)
ρ∗(dσ(ξ)), (5)

since then the integral is convergent and need not take its finite part. In 
the case where we have singular points, there is trouble defining the finite 
part of the above integral. If, however, we assume that it can be defined,  (5) 
gives an elementary solution which is in fact tempered.
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The surface S is of real dimension 4 and the set

{λ : ∂λpξ(λ) = 0}

is a submanifold of S of real dimension ≤ 2. The set ρ−1(S1Γ) ⊂ S has real
dimension 1, thus its singular points are isolated. Around the singular
points, we can define the finite part of the above integral. Let
s0 = (ξ01 , ξ

0
2 , λ) ∈ S singular, that is

∂λpξ(λ) = ∂λq(λξ
0
1 , λξ

0
2) = 0.

Without loss of generality, we may assume that ξ01 6= 1 and therefore
parameterize the set S1Γ : the surface is given locally by the set of points

(ξ1, g(ξ1)) = (ξ1,
√

1− ξ21). The (one real variable) function

g(ξ1) =
√

1− ξ21 can be represented as a convergent power series in a

neighborhood of ξ01 . i.e. there exists a ǫ > 0 such that

g(ξ1) =

∞∑

i=0

ci (ξ1 − ξ01)
i |ξ1 − ξ01 | < ǫ.
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Then, the singular point lies on the set {λ : q(λξ1, λ
√

1− ξ21)}. From

Theorem, the complex variable λ can be represented as a convergent
power series along each branch A of ρ−1(S1Γ) :

λ(ξ1, ξ2) =

∞∑

k=0

ak(ξ1 − ξ01)
k
m , |ξ1 − ξ01 | < ǫ,

where m ∈ Z+. We then have that

1

∂λpξ(λ)
=

∞∑

i=−ℓ

ci (ξ1 − ξ01)
i

µm

= c−ℓ(ξ1 − ξ01)
−ℓ
µm + . . .+ c−1(ξ1 − ξ01)

−1
µm + c0 +

+c1(ξ1 − ξ01)
1

µm + . . . .
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Case 3: q is a random polynomial

Let q ∈ R[x , y ]. Write

q =

ν∏

i=1

q
ki
i ,

where the q′is are irreducible. Let V = {q = 0}. Without l.o.g. assume
that q(0, 0) 6= 0. Set

p(x ,y)(λ) := q(λx , λy) and pi(x ,y)(λ) := qi(λx , λy) (i = 1, 2, . . . , ν).

Let H be the surface defined by

H(x , y) =
∏

i ,j=1,...,ν
i<j

Res(pi (λ), pj (λ))∆(pj(λ)) ((x , y) ∈ R
2). (6)
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Denote with Sing(q) the set of all points (x , y) on the plane that q cannot
be written as a power of an analytic function. At the points away from
Sing(q), we can define the Finite part of 1

q
. This is the main result of the

following Theorem:

Theorem

Let q ∈ R[x , y ] and V := {q = 0}. Let ǫ > 0. Let φ ∈ S(R2) fixed. Then,
the expression ∫

S(ǫ)

φ(x , y)dxdy

q(x , y)
,

where S(ǫ) = {|q| > ǫ} ∩ (R2 \ Sing(q)), is of the form

∑

i∈I

ci

ǫi
+ c log(ǫ) + F (ǫ), (7)

were I is a finite set of natural numbers, ci and c are complex numbers

and F a function such that the limǫ→0 F (ǫ) exists.
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Lemma

Let (x , y) ∈ (R2 \ V ) ∩ {H 6= 0}. Let λi , 1 ≤ i ≤ M be the distinct roots

of the equation pλ(x , y) = 0 with corresponding multiplicities mk . Then
the function

λ 7→
1

p(x ,y)(λ)(λ− 1)

has poles of order mk at the points λk . Moreover we have

1

q(x , y)
= −

M∑

k=1

Res

(
1

p(x ,y)(λ)(λ − 1)
;λ = λk

)
.

We just mention that each of the above Residues is of the form

ckx
ℓyµλν

k

[ ∂mk

∂λmk
p(x ,y)(λk)(λk − 1)]mk

,

where ck is a constant and ℓ, µ, ν are positive integers. Since we are
interested in the preimage of H with the function ρ restricted on
S
1
Γ = C (0, 1), we must consider ρ∗(H).
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For this reason, we parameterize the surface {H = 0} with polar
coordinates: let g : [0,∞)× [0, 2π] → R

2 with g(t, θ) = (t cos θ, t sin θ).
Then,

(g−1)∗(H) = {θ − θi = 0 : 1 ≤ i ≤ ℓ},

for some ℓ ∈ N. Let φ ∈ S(R2)) fixed. Let
G (δ) = {(t cos θ, t sin θ) : |θ − θi | > δ, 1 ≤ i ≤ ℓ}. Denote with
G (δ, ǫ) = G (δ) ∩ {|q| > ǫ}. Then, define

gδ(φ; ǫ) :=

∫

G(δ,ǫ)

φ(x , y)

q(x , y)
dσ(x , y).

This function satisfies the conditions of Theorem (??) and thus we can
perform integration by parts and write

gδ(φ; ǫ) =
∑

i∈I

ci

ǫi
+ c log(ǫ) + F1(ǫ), (8)

were I is a finite set of natural numbers, ci and c are complex numbers
and F1(ǫ) a function such that the limǫ→0 F1(ǫ) exists.
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Set
uδ(φ) = FP lim

δ→0
F1(ǫ, δ).

In what follows, we show that (for δ > 0 and φ fixed) we can integrate by
parts the function uδ(φ) and obtain

uδ(φ) =
∑

i∈I

ci

ǫi
+ c log(ǫ) + F2(δ), (9)

were I is a finite set of natural numbers, ci and c are complex numbers and
F2(δ) a function such that the limδ→0 F2(δ) exists. Then, we prove that

u(φ) = FP lim
δ→0

F2(δ)

is a tempered distribution which is in fact a fundamental solution to our
division problem.
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We have:

gδ(φ; ǫ) =

∫

G(δ,ǫ)

φ(x , y)

q(x , y)
dσ(x , y)

= −

M∑

k=1

ckx
ℓyµλν

k

[(λk − 1) ∂mk

∂λmk
p(x ,y)(λk)]mk

.

Under the transformation (g−1)∗ restricted on C (0, 1), we have

(g−1)∗
ckx

ℓyµλν
k

[(λk − 1) ∂mk

∂λmk
p(x ,y)(λk)]mk

=
ckx

ℓ(θ)yµ(θ)λν
k(θ)

[(λk(θ)− 1) ∂mk

∂λmk
p(x(θ),y(θ))(λk(θ))]mk

for (x , y) ∈ C (0, 1). Therefore, we finally get

gδ(φ; ǫ) = −

M∑

k=1

∫

C(0,1)∩G(δ)
R(θ)dθ

∫

[0,∞)∩{|(q◦g)(t,θ)|>ǫ}

tα(φ ◦ g)(t, θ)

(λk(θ)− t)mk
dt,

(10)
where α = ℓ+ µ− ν +mk(1−mk) + 1 and
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R(θ) =
ckx

ℓ(θ)yµ(θ)λν
k(θ)

[ ∂mk

∂λmk
p(x(θ),y(θ))(λk(θ))]mk

.

We need only to study one of the integrals

∫

C(0,1)∩G(δ)
R(θ)dθ

∫

[0,∞)∩{|(q◦g)(t,θ)|>ǫ}

tα(φ ◦ g)(t, θ)

(λk(θ)− t)mk
dt ≡ Jk(ǫ;φ).

Now, as we saw in a previous section, since the hypersurface {H = 0}
contains all singular points of q, then we can interchange summation with
finite parts (this is done buy splitting the surface into components and
integrating by parts):

∫

[0,∞)∩{|(q◦g)(t,θ)|>ǫ}

tα(φ ◦ g)(t, θ)

(λk(θ)− t)mk
dt =

∑

i∈I

ci (θ)

ǫi
+ c(θ) log ǫ+ w(ǫ, θ),

where w is continuous for both ǫ, θ.
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Then,

Jk(ǫ;φ) =
1

ǫi

∑

i∈I

∫

C(0,1)∩G(δ)
R(θ)ci(θ)dθ +

+ log ǫ

∫

C(0,1)∩G(δ)
R(θ)c(θ)dθ +

∫

C(0,1)∩G(δ)
R(θ)w(ǫ, θ)dθ.

Since w is continuous, we have

lim
ǫ→0

∫

C(0,1)∩G(δ)
R(θ)w(ǫ, θ)dθ =

∫

C(0,1)∩G(δ)
R(θ) lim

ǫ→0
w(ǫ, θ)dθ

and thus we can take

FP lim
ǫ→0

∫

C(0,1)∩G(δ)
R(θ)w(ǫ, θ)dθ = FP

∫

C(0,1)∩G(δ)
R(θ) lim

ǫ→0
w(ǫ, θ)dθ.
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What is left is to integrate by parts the integral appearing on the right side
of the above formula and repeat the same process to obtain a limit as
δ → 0 for the FP in order to construct the distribution. This is done by
expanding the function as a Taylor series around t = 0 and by expanding
λk(θ) as a power series in indeterminates of x or y , along the unit circle.
The continuity of the distributional operator is guaranteed by proving that
one can interchange differentiation (with respect to x , y , λ) and
integration.

Ioannis Ioakim (CY) Division of a distribution by a polynomial
25-26 June 2015 - ThessalonikiAnalysis Summer

/ 35



Important Lemma Let q ∈ R[x , y ]. Let ξ = (ξ1, ξ2) such that ξ21 + ξ22 = 1.
Consider the set

{λ ∈ C : q(λξ1, λξ2) = 0}.

Let λk(ξ) be a branch belonging on this set.

Lemma

If ξ0 ∈ C (0, 1) with |ξ|2 = 1, let ξi , (j = 1, 2) be a coordinate function for

C (0, 1) around ξ0. Then, there exists h ∈ Z+, a determination z of

(ξj − ξ0j )
1
h and a τ > 0 such that

λk(ξ) =
∞∑

i=0

ciz
i , (|z | < τ)

where the above series is convergent.
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n = 3

Let q ∈ R[x , y , x ] of degree m with complex coefficients. Write

q(ξ) = q0(ξ) + q1(ξ) + . . .+ qm(ξ),

where each qi is a homogenous polynomial of degree i , (0 ≤ i ≤ m). Let
p ∈ C and x ∈ C

3.
Assume that qm(ξ) 6= 0 forall ξ. The irreducible case

In the special case where q is homogenous (of degree m) and the variety
V = {q = 0} has no singular points except at the origin, we can easily
calculate (as we did in the previous section) v :

v(x , ξ, p) =
(〈x , ξ〉 − p)m−1

(m − 1)!q(ξ)
. (11)

Let φ ∈ S(R2) fixed. We have that

φ(z) =
∆z

2(2πi)2(m − 1)!

∫

S2Γ

dσ(ξ)

q(ξ)

∫

{〈ξ,x−z〉≥0}
(〈ξ, x−z〉)m−1q∗(∂x)φ(x)dx .

Then, the formal expression for an elementary solution is given by

u (φ) = c FP

(∫
H(φ; ξ, z)

)
, (12)
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q non-homogenous Remember that a point ξ is a singular point of the
variety {q(ξ) = 0} if

∂q

∂ξ1
(ξ) =

∂q

∂ξ2
(ξ) =

∂q

∂ξ3
(ξ) = 0.

In the non-homogenous case, the elementary solution is given by

uz(φ) = FP

∫

ρ−1(S2Γ)

H(φ; t, z)

∂λpξ(λ)
ρ∗(dσ(ξ)), (13)

where

H(φ; t, z) =





H1(φ; t, z) for Reλ(s) ≤ 0

H2(φ; t, z) for Reλ(s) > 0

H1(φ; t, z) =
−2

(2πi)2
∆z

∫
eλ(t)(〈ξ,x〉−z)φ(x)χS1(x)dx

and

H2(φ; t, z) =
−2

(2πi)2
∆z

∫
eλ(〈ξ,x〉−p)φ(x)χS2(x)dx

for S1 = {〈ξ, x − t〉 ≥ 0} and S2 = {〈ξ, x − t〉 < 0}.
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If the Finite Parts of the above integrals are defined, then this is a
tempered elementary solution. If we do not require that this is a tempered
solution, then we can give conditions under which the elementary solution
is well defined. Such conditions are for example that each point of
S
2
Γ ∩ {qm = 0} has m−distinct roots, one of each is necessarily infinite.

Theorem

Let q ∈ R[x , y , z ] with real coefficients and let V := {q = 0}. Let

D = {(x , y , z) ∈ R
3 : |∇q(x , y , z)| > 0} ∩ V

Let α ∈ N. Let ǫ > 0. Then then correspondence

S(R3) → R with φ 7→

∫

{|q|>ǫ}∩D

φ(x , y , x)

qα(x , y , z)
dxdydz

is of the form ∑

i∈I

ci

ǫi
+ c log(ǫ) + F (ǫ), (14)

were I is a finite set of natural numbers, ci and c are complex numbers
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